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Abstract—We show that the conventional nonparabolic approximation of real band structures can be modified and generalized
to approximate the complex band structures of common semiconductors with a significant improvement of accuracy against the
parabolic approximation. The improvement is due to the inherent
elliptic nature of the complex band structures in the vicinity of
the bandgap, which has a critical impact on the band-to-band
tunneling probability. Important parameters are extracted and
tabulated for Si, Ge, GaAs, and GaSb, with a maximum error of
< 1.4% compared to the numerical target.
Index Terms—Band-to-band tunneling (BtBT), complex band
structure, nonparabolicity.

I. I NTRODUCTION
HE EFFECT of band-to-band tunneling (BtBT) has attracted significant research interest due to its impact on
device leakage in aggressively scaled MOSFETs as well as
its potential application in tunneling devices to overcome the
conventional “kT /q” limit of subthreshold swing [1]. Accurate
modeling of BtBT probability in commonly used semiconductors presents a great challenge due to its extreme sensitivity to
the electronic states in the bandgap region [3]–[5]. Theoretically, an electron travels in an evanescent decaying mode when
it tunnels through a bandgap, resulting in a complex wavenumber along the tunneling direction. Accurate description of the
energy dispersion of this complex wavenumber (i.e., complex
band structure) is important not only to the improvement of
numerical and compact modeling but also to the understanding
of the tunneling physics itself. The past few decades have
seen success in both the development of numerical methods
for the calculation of complex band structures [5]–[8] and
the application of the complex band theory to the modeling
of tunneling devices [9]–[11]. Effort has also been made to
attempt an analytical expression for the complex band branches
in III–V materials [12]. However, a unified analytical expression remains to be found to accurately describe the complex
band structures in commonly used direct- and indirect-gap
semiconductors.
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In this letter, we show that the long-standing nonparabolic
approximation (NPA) of real bands can be extended to describe the complex band structure of common semiconductor
materials in the energy region important to BtBT. Compared
to the capability to describe real bands, NPA shows even more
improvement in describing the complex band structures over
the parabolic approximation (PA). This is due to the inherent
elliptic nature of the complex bands inside a bandgap region.
With the recently developed numerical technique for complex
band calculation [5], we have extracted and tabulated the NPA
parameters for typical semiconductors. Comparison with PA
shows a significant reduction of errors in the estimation of
BtBT probability. The methodology is therefore suggested to
be applicable in a broad range of materials and devices.
II. NPA
We start from Kane’s two-band k · p model. Assuming
that the conduction band minimum is at k0 = 0, the electron
Hamiltonian in the vicinity of k0 is [2]
 2 k 2


m0 kp
2m 0
(1)
2 2

∗
Eg + 2mk
m0 kp
0

where m0 is the free electron mass, Eg is the energy bandgap,
and p = uvk0 |p̂|uck0  is the momentum matrix element between two unit cell functions (uvk0 and uck0 ) at band extremes.
Assume that 2 k 2 /2m0 is negligible compared to E(k)1 and
letting Ep = 2|p|2 /m0 , the secular equation is
E(k) [E(k) − Eg ] = Ep

2 k 2
.
2m0

(2)

For E(k) > Eg , the conventional NPA of the conduction band
can be obtained by defining m∗ = m0 Eg /Ep , E  (k) = E(k) −
Eg , and α = 1/Eg [13]
E  (k) [1 + αE  (k)] =

2 k 2
.
2m∗

(3)

In practice, m∗ , Eg , and α are fit to measurements or numerical results. For E(k) → Eg+ , (3) degenerates into the PA
(also known as effective-mass approximation) of the band, i.e.,
E  (k) = 2 k 2 /(2m∗ ). Similar NPA of the valence band can be
obtained from (2) for E(k) < 0.
1 Keeping this term increases E  (k) in (3) by 2 k 2 /2m , which does not
0
change the parabolic nature of the real band structure but only affects its
curvature. Since in common semiconductors, m∗ is much smaller than m0 ,
as shown in Table I, 2 k2 /2m0 can be neglected as compared to 2 k2 /2m∗
in (3). The error induced in the curvature of the band is then mostly compensated by using a value of m∗ fitted to the experimental data.
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TABLE I
F ITTED mc AND mv VALUES OF (5) AT Γ FOR THE D IRECT T UNNELING
M ODES OF Ge, GaAs, AND GaSb. VALENCE B RANCH OF Si IS
A LSO F ITTED FOR I NDIRECT T UNNELING [19]

Fig. 1. (Color online) Complex band structures along [111] of bulk Ge. Black
curves are the real band structure, while red curves are the complex branches.
Aside from indirect branches from the L valleys, a direct tunneling branch
exits at Γ.

For BtBT, the energy of interest is within 0 < E(k) < Eg .
The solution of (2) therefore results in a complex k. Assuming
that the electrons transport toward the positive direction so that
the solution of (2) with a negative imaginary part (growing
waves) can be safely discarded, we have k = iκ with

(4)
κ = 1/ 2m∗ E [1 − E/(2Eq )]
and Eq = Eg /2. Unlike the situation in real band structures
where only the band extremes determine current transport due
to thermal statistics, the entire range of 0 < E(k) < Eg is of
equal importance to the modeling of BtBT, since the electron
has to traverse the entire bandgap to survive the tunneling
process [5]. Equation (4) therefore reveals the inherent elliptic
nature of a complex band which joins two real bands at their
extremes. The key observations of (4) are the following.
√
1) In the limit of E → 0+ : κ → 1/ 2m∗ E (PA of valence
branch).
2) In
the
limit
of
E → Eg− :
κ=
√

∗


∗

1/ 2m E [1 − E /(2Eg − 2Eq )] →1/ 2m E ,
with E  = Eg − E → 0+ (PA of conduction branch).
3) E(κ) and dκ/dE are both continuous over (0, Eg ), and
dκ/dE|Eq = 0.
1) and 2) describe the asymptotic parabolic behavior of the
complex bands near real band extremes, which agrees with PA.
3) instead is the unique feature of an ellipsoid, which defines the
branch point Eq at which the conduction and valence branches
join continuously [14].
For real band structures in which the electrons and holes have
different effective masses, the simple two-band model in (1)
may not hold. However, 1)–3) as well as the elliptic form of
(4) serve as a guideline to construct the NPA of conduction and
valence branches separately and join them smoothly. Taking the
energy reference at the valence band maximum, the NPA of the
complex branches in a direct bandgap is calculated in
⎧ 
1
Γ
Γ
⎪
⎪
⎨ 2mv E 1 − E/ 2Eq , 0 < E < Eq
κΓ = 1 2m E Γ − E 1 − E Γ − E / 2E Γ − 2E Γ ,
c
g
g
g
q
⎪

⎪
⎩
EqΓ ≤ E < EgΓ
(5)

TABLE II
F ITTED PARAMETERS FOR (6). E NERGY R EFERENCES FOR Ecα A RE
AT THE VALENCE BAND M AXIMA . Eα I S THE E STIMATED E NERGY
D IFFERENCE B ETWEEN VALENCE AND C ONDUCTION S TATES AT
L (Ge) OR Δ (Si). E NERGY U NIT IS E LECTRONVOLTS [19]

with κΓ being the imaginary part of the wave vector, mv (mc )
being the hole (electron) effective mass, and EgΓ being the direct
bandgap at Γ. EqΓ = EgΓ mc /(mc + mv ) is the branch point
which is obtained by imposing the continuity requirement on
(5).
At indirect conduction band minima at Re{k} = kα (α being
L for Ge and Δ for Si), only the conduction branch is within
the energy of interest. The complex branch along the direction
of interest is approximated as

1
α
α
α ,
κα =
2mα
c (Ec − E) 1 − (Ec − E) / 2Eα − 2Eq

E < Ecα (6)
α
with κα = Im{k}, mα
c being the electron effective mass, Ec
being the energy minimum, Eqα being the branch point at
kα , and Eα being the energy difference between conduction
and valence states at kα . Equations (5) and (6), both elliptic
and analytically integrable, form the NPA of complex band
structures within the energy region of interest.

III. C OMPLEX BAND S TRUCTURES
To verify the accuracy and applicability of NPA, the sp3 d5 s∗
tight-binding model [15]–[17] and a zone unfolding technique
[18] are used to numerically generate complex band structures
of semiconductors along selected orientations for comparison.
For each orientation, the most relevant complex branches are
selected as fitting target.
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V. C ONCLUSION
An NPA has been constructed to capture the inherent elliptic
nature of important complex band branches in semiconductors.
The analytical form approaches the PA near band extremes, has
a continuous derivative in the entire bandgap, and is integrable.
The error of the BtBT probability is significantly reduced by
this method compared to the PA. Although we have only used
numerical tight-binding calculation as the fitting target, the
elliptic form is expected to fit well to other empirical or firstprinciple results and is applicable to a wider range of materials
with different band structures.
R EFERENCES

Fig. 2. Comparison between the parabolic and elliptic approaches in approximating the tunneling modes of Ge along [100]. Symbols are numerical results
from the sp3 d5 s∗ tight-binding calculation [19].

IV. R ESULTS AND D ISCUSSIONS
The numerically calculated complex band structure along
[110] of bulk Ge is shown in Fig. 1. While the normal real band
structure is shown by the gray curves on the Im{k⊥ } = 0 plane,
the black curves with imaginary wave vectors correspond to
decaying (tunneling) modes along the transport direction (⊥).
Since the inverse of the BtBT probability (T ) depends exponentially on the area of the region enclosed by the imaginary
branch connecting the real band extremes (i.e., action integrals)
[2], [4], it is observed that, aside from the indirect tunneling
from Γ to L, a direct BtBT may dominate the current under
strong bias condition, due to the small direct gap at Γ. Fig. 2
compares PA and NPA of the direct and indirect tunneling
trajectories of Ge. NPA shows a satisfactory capability to be
fit to numerical results. However, PA overestimates the action
integral by 20% for direct tunneling and 30% for indirect
tunneling, which translates to an underestimation of T by 70%
and 80% when a constant field of 106 V/cm is present. To
illustrate the implication of the NPA on the tunneling current
calculation, we apply our NPA method together with a WKB
approximation to a Ge diode. With the assumption of a triangular barrier and a built-in voltage of 0.8 V, a 0.1-V reverse
bias leads to a direct BtBT current density of 218.2 kA/cm2 . A
close result of 217.6 kA/cm2 is obtained when the numerical
tight-binding band structure is used. However, the application
of PA leads to 159.7 kA/cm2 , revealing an underestimation by
26.63%. Similar errors are expected for indirect tunneling in Ge
and tunneling in other materials. Tables I and II list the fitted
parameters of (5) and (6) for Ge, GaAs, GaSb, and Si along
different directions. The fitting errors are within 1.4% along all
directions of these materials, which translates into a maximum
error of T of less than 6% when a constant field of 106 V/cm
is present. It is noted that the [110] direction has the smallest
effective mass in both Si and Ge, because either Ge L ([1 −1 1])
or Si X ([001]) valleys have transverse effective mass along
[110]. The largest effective mass, however, is along different
directions in Ge ([100]) and Si ([111]), because along Ge [100]
or Si [111], no valleys have transverse effective mass. The
comparison of effective mass is therefore helpful to determine
the optimal channel direction of a device.
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